Introduction
Prolific advances in microscale and nanoscale technologies have generated renewed scientific interest in direct thermal-toelectrical energy conversion. These advances have provided researchers with new tools to explore physical phenomena that were previously inaccessible. For example, the controlled fabrication of one-and two-dimensional nanoscale structures has fostered significant recent improvements in the efficiency and capacity of thermoelectric materials and devices ͓1,2͔. Further, the development of thin-film heterostructures has brought thermionic energy conversion, originally a vacuum-based technology, to the solid state ͓3,4͔. The phenomenon of electron field emission is, in some respects, similar to thermoelectric and thermionic transport. However, the thermodynamics of field emission have received less attention, although several recent theoretical papers on direct refrigeration suggest that field emission devices could operate remarkably well ͓5-10͔. In the present work, we consider the foundations of and prospects for direct energy conversion by electron field emission and show that outstanding performance is possible with further progress in fabrication technology, modeling, and engineering.
The emission of electrons from an electrically active surface via quantum tunneling into a vacuum is commonly referred to as field emission. Fowler and Nordheim ͓11͔ provided the first theoretical treatment of field emission from planar metal surfaces. Later studies showed that emission could be substantially improved by geometric electric field enhancement provided by elongated structures, such as pyramidal or conical tips. Spindt was the first to show such enhancement using molybdenum cones ͓12͔. Since then, the emission properties of a wide variety of metallic and semiconductor materials and structures have been studied in detail ͓13,14͔. The emission properties of carbon-based/diamond materials, in particular, are very robust ͓15͔. Because they do not require heating, carbon-based and other field emitters are often termed cold cathodes. However, the physical reasons behind the outstanding emission properties of carbon-based materials remain the subject of scientific inquiry ͓16͔. Suggested applications for field emission devices include vacuum field-effect transistors, diodes and triodes, ion sources, electron guns, flat-panel displays, scanning microscopes, and many others ͓13͔.
Field emission devices are formed by placing an emitting cathode in close proximity to an anode, separated by vacuum ͑typi-cally less than 10 Ϫ5 torr͒. A gate electrode may also be included to modulate emission and to provide a more precise spatial separation from the cathode. Figure 1 shows a tip configuration. The cathode, anode and base electrode materials can be semiconductor ͑with narrow or wide band gaps͒ or metals. The gate is typically metallic, and the dielectric between the cathode and gate is commonly SiO 2 . Field emission occurs when a sufficiently strong local electric field ͑greater than 0.5 V/Å͒ exists at the location of emission. Small-scale features within a low average electric field can produce a high local field. Cathode tip structures are designed to provide this field enhancement. Some field enhancement also occurs in film cathodes due to highly localized areas of emission ͓13͔.
Most prior work has focused on device operation near room temperature. In fact, the predominant theoretical foundation of field emission-basic Fowler-Nordheim theory-neglects the effects of temperature on emission characteristics. In contrast, consideration of the thermodynamics of field emission requires the inclusion of temperature effects. Fleming and Henderson ͓17͔ conducted early experiments on the energy distribution of fieldemitted electrons. Their work prompted an exchange of letters with Nottingham ͓18,19͔, who predicted that field emission could produce a heating or cooling effect on the cathode, depending on the field strength. Subsequent studies by Good and Muller ͓20͔, Dyke and Dolan ͓21͔, and Gomer ͓22͔ provided a more detailed treatment of the thermodynamics of field emission.
After these early studies, relatively little work occurred on the thermodynamics of field emission for several decades. However, studies by Swanson et al. ͓23͔, Engle and Cutler ͓24͔, and Bergeret et al. ͓25͔ considered measurements of the so-called Nottingham effect ͓23,25͔ and the thermodynamics of electron emission and replacement processes ͓24͔. In the past decade, Cutler, Miskovsky, and co-workers have studied various facets of thermodynamics in field emission processes, particularly from diamond films, including: cathode heating mechanisms and energy exchange processes in sharp metallic emitters ͓26͔, average electron energies of emission and replacement ͓27,28͔, effects of doping ͓29͔, ballistic electron transport ͓30,31͔, and internal field emission ͓32-34͔. This body of work has significantly advanced the theoretical understanding of energetic processes in field emission. Yet, the complexity of the physical processes involved in field emission, particularly from polycrystalline materials such as chemical vapor deposited ͑CVD͒ diamond, has prevented a thorough understanding of experimentally observed phenomena. Such understanding will be essential if the promise of energy conversion by electron field emission is to be realized.
In the present work, we review the foundational theory of nanoscale field emission with an emphasis on energy transport processes and modeling. The simplifying assumptions that are central to traditional field emission theory are presented, and their applicability to thermodynamic modeling is considered in detail. A more accurate model, which explicitly accounts for emitter-size effects and temperature dependence, is presented for thermodynamic calculations. This model is exercised over relevant parameter ranges, and its utility in interpreting experimental data is demonstrated. This work does not focus on specific energy conversion devices and systems, but rather, provides new insights into energy transport mechanisms in electron field emission from nanoscale emitters. Throughout the work, we identify opportunities for further improvements in modeling and experimental methods and highlight applications to heat transfer and energy conversion that will be important to the future development of nanoscale thermodynamic field emission devices.
Thermodynamics of Field Emission

The Field Emission Process.
Field emission occurs when electrons tunnel through a sufficiently narrow potential barrier created by the application of a voltage bias between a cathode ͑negative bias͒ and an anode or gate electrode ͑positive bias͒. Fowler and Nordheim presented the first theory of field emission from a planar metal surface over seventy years ago ͓11͔. Application of a voltage between planar electrodes creates a constant electric field FϭV/L ͑modified slightly by the image charge as discussed later͒, where V is the applied voltage and L is the distance between the electrodes. Emission from small, non-planar tips can substantially reduce the required field to produce emission by enhancing the local field near the emission site. This enhancement has traditionally been described within the framework of the planar field emission model by multiplying the applied field F by a field enhancement factor ␤ ͓13-15͔ such that the local field at the tip becomes ␤F where ␤ is greater than 1.
The field enhancement factor ␤ depends strongly on small-scale structure. For tip emitters, electric field theory indicates that ␤ is proportional to the inverse of the tip radius R ͓35͔. Thus, the tip radius should be as small as possible to achieve low-voltage emission. However, the use of the field enhancement factor may not be appropriate for energy conversion studies. In effect, the field enhancement factor ␤ linearizes the highly non-linear electric field near the emission surface, as illustrated in Fig. 2 . In the figure, both the actual and linearized fields produce the same emission current by assumption. The linear field is necessary to arrive at the analytic current-field relation described below as the basic Fowler-Nordheim relation ͓see Eq. ͑7͔͒. However, the linearization does not satisfy the anode-side boundary condition on the electric potential and generally underestimates the emission flux of high-energy electrons ͑above the Fermi energy in Fig. 2͒ and overestimates the emission flux at energies below the Fermi level. For rectangular barriers, the probability of tunneling is inversely proportional to the exponential of the local potential barrier width ͓36͔. Thus, the shape of the potential profile ͑which depends on the tip geometry͒ has a profound effect on the energy distribution of emitted electrons. Nanoscale tips produce extremely large curvature in the vacuum potential near the emission site. Tip radii of 5 nm have been reported ͓15͔. The electrode spacing must be small to provide efficient emission and to minimize space-charge effects, which can degrade performance ͓37͔. The combination of small tip radius R and electrode spacing can produce high emission with low applied bias. Thus, these smallscale features are essential in producing efficient, high-capacity thermal-electrical energy conversion.
In the present work, we employ a model that is more physically accurate than the basic Fowler-Nordheim approach. The present model allows for curvature of the potential field ͑such as shown in Fig. 2͒ and thus provides more accuracy in simulating the thermodynamics of field emission. Other more detailed models have been proposed ͓38-40͔, but these have typically focused on electronic applications and thus simplified the thermal considerations that are central to the present work. The one-dimensional model is based on the potential field in a spherically symmetric ball-shell system ͓͓9,22͔ pp. 37-38͔ and takes the form:
where q is the magnitude of electron charge, F is the applied ͑global͒ field, L is the separation distance between electrodes ͑taken as Lϭ4 m for all cases considered later͒, R is the characteristic radius of the emitter, x is the distance from the emitter, and G(x) is the image potential experienced by emitting electron. This image potential for a spherical emitter tip can be expressed as ͓39͔:
where 0 is permittivity of vacuum, and K is the emitter's dielectric constant. We note that this image potential neglects possible effects of surface plasmons on the tunneling electrons ͓41͔. Subsequent results will show that the emitter radius R strongly influences the electrical and thermodynamic characteristics of field emission. The first term of Eq. ͑1͒ represents the contribution due to the applied field F and equals zero at the emission site (x ϭ0). Thus, following the formalism of Good and Muller ͓20͔, the zero energy datum exists at the cathode/vacuum interface of Fig. 2 ͑ignoring image charge potential͒. The second term in Eq. ͑1͒ represents the shift in potential due to image charge ͓20͔.
Current-Voltage Behavior.
The physics of field emission have been described in detail by Good and Muller ͓20͔. The development below provides some of the major results that are central to the present work. The total emission current density J takes the form
where ϪW a represents the bottom of the emitter's conduction band, W is the x-component of electron energy ͑i.e., in the direction of emission͒, the term N(W)dW is the electron supply function, and D(W) is the quantum tunneling transmission coefficient. In the present work, the transmission coefficient is calculated using the WKB approximation ͓42͔
where V(x) is the potential profile ͓see Eq. ͑1͔͒, x 1 and x 2 are the zeros of WϪV(x), and m is the mass of an electron. We note that the WKB approximation is, in general, limited to relatively low fields; however, this approximation is retained here for the purpose of obtaining results without the need to solve Schrödinger's equation numerically for each geometric and field condition. The effect of nanoscale features on the emission current is included through the energy profile V(x) in the transmission coefficient of Eq. ͑4͒. The supply function, which represents the number of electrons whose x-direction energy ͑W͒ incident on the emission surface falls within dW per second per unit area, can be formulated analytically as ͓20͔
where h is Planck's constant, is the radial electron momentum ͑perpendicular to the emission direction͒, k is Boltzmann's constant, T is the emitter temperature, is the Fermi level ͑see Fig. 2͒ , and f (W,) is the Fermi-Dirac function:
Several simplifying assumptions have been invoked historically to reduce the integral in Eq. ͑3͒ to an analytic form. As described above, the use of the field enhancement factor ␤ linearizes the first term of Eq. ͑1͒ as Ϫq␤Fx. Also, the temperature dependence is eliminated by neglecting the spreading of the Fermi-Dirac function with increasing temperature. With these assumptions and other integration approximations ͓20͔, the current density integral can be expressed analytically as:
where J is the average current density ͑A/cm 2 ͒, F is the average applied electric field ͑V/cm͒, and is an effective work function ͑eV͒. The foregoing equation is the basic Fowler-Nordheim relation for field emission current. Note that temperature effects are absent. However, most experimental data for room-temperature emission exhibit reasonable agreement with the Fowler-Nordheim theory.
Experimental data are often plotted in so-called FowlerNordheim coordinates to determine unknown or uncertain parameters such as emission area, work function, and field enhancement factor by rearranging Eq. ͑7͒ as 
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where I is the measured current, and A is the effective emission area. A linear fit of F 1 versus ln(I/F 2 ) enables the evaluation of the two constants C 0 and C 1 , which depend on area A, field enhancement factor ␤, and effective work function . Thus, the formulation is underdetermined, and an assumed value is typically taken for one of the three primary variables. As discussed later, significant opportunities for advanced techniques, such as parameter estimation, exist for interpreting experimental data.
The emitter's radius R has a profound effect on the field required to produce emission. Figure 3 shows the potential field near the emitter for radii ranging from Rϭ5 nm to infinity ͑i.e., a planar surface͒. We choose an effective work function of ϭ1.7 eV and a dielectric constant Kϭ5.5 ͑i.e., that of diamond͒. The value of the work function is a convenient choice to demonstrate energy conversion processes. This choice is consistent with the minimum Schottky barrier for nitrogen-doped diamond ͓32͔ and with recent observations and analysis of emission from graphitelike grain boundary regions ͓43,44͔. Later, results for several values of work function are considered ͑see Fig. 5͒ . For each curve in Fig. 3 , the average field produces a current density of 10 A/cm 2 , as computed using the potential profile of Eq. ͑1͒ and numerical evaluations of the current density integral in Eq. ͑3͒. We note that the potential curves for emitter radii smaller than 50 nm exhibit large differences, while those for radii greater than 50 nm ͑includ-ing the planar case Rϭϱ͒ are quite similar. The figure indicates that the barrier width is slightly narrower in the high-energy regions ͑i.e., above the Fermi level͒ for small radii and substantially larger at lower energies for small radii. Thus, the emission radius influences the energetic distribution of emission. The required applied ͑average͒ fields range from Fϭ1.08 V/m for Rϭ5 nm to Fϭ614 V/m for a planar surface (Rϭϱ). This difference in applied field strongly influences energy conversion due to the increased losses ͑e.g., from higher required voltages͒ incurred at high fields.
Energy Transport.
The starting point for energy transport modeling is the current density integral of Eq. ͑3͒, from which the number of electrons emitted per unit time and area can be derived. Energy moments of this integral can provide energy transport rates. Chung et al. ͓27͔ reported related calculations for overall electron energy using numerical evaluation of double integrals. Here, we separate energy into axial ͑i.e., in the emission direction͒ and radial ͑i.e., perpendicular to the emission direction͒ components. The underlying free-electron model of the emitter material and the separability of the potential field employed here permit this spatial separation. The advantages of the present formulation are that ͑1͒ the double integral can be reduced analytically to a single integral and ͑2͒ directional information is retained that is useful in studying important problems that result from electron deposition in the gate or anode. For example, modeling and simulation of anode heating in field emission electronic devices requires an understanding of both the spatial and energetic distributions of electron energy emitted from the cathode.
The average total energy of emitted electrons can be expressed as the sum of axial and radial components, ͗͘ϭ͗W͘ϩ͗ ͘. The average axial energy can be calculated as
where the transmission function D(W) and the supply function N(W)dW are given in Eqs. ͑3͒ and ͑4͒, respectively. Similarly, the radial component becomes
where
The dilog function can be computed efficiently as a series ͓45͔.
The sum of the axial and radial energies of Eqs. ͑9͒ and ͑10͒ represents the total average energy of emitted electrons. These electrons must be replaced by others to preserve charge continuity. The difference in total average energy between emitted and replacement electrons determines whether field emission produces heating or cooling of the cathode. For example, if the average emitted energy exceeds the average replacement energy, then cooling ensues ͑neglecting other possible energy transport mechanisms, such as reverse emission͒. The energies of replacement electrons typically fall near the chemical potential . Chung et al. ͓27͔ and Cutler et al. ͓28͔ showed that the average energy of replacement electrons can be several tenths of an electron volt below . Again, the present formulation differs from that of Chung et al. by separating the axial and radial energy components. The average axial (͗W r ͘) and radial (͗ r ͘) replacement energies can be expressed as an integral over available energy states below the chemical potential as
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Each of the integrals in Eqs. ͑3͒, ͑9͒, ͑10͒, ͑13͒, and ͑14͒ has been evaluated numerically with adaptive quadrature to a convergence to five decimal places. The combination of these integrals provides a means of evaluating the rate of energy flux qЉ to or from the cathode due to electron emission. This energy flux can be expressed as the product of the electrical current density and the difference in average energy between emitted and replacement electrons:
The average energies described above depend on the applied field F, as shown in Figure 4 for an effective emitter radius of Rϭ10 nm at a temperature Tϭ300 K. For low fields, the average axial emission energies ͗W͘ are relatively high compared to the lowest possible axial energy. As the field increases, the energy decreases. The decrease in the emission energy is a consequence of the narrowing barrier width at highly populated energy states.
For both axial (͗W r ͘) and transverse (͗ r ͘) replacement energies, the slight decrease in energy is a consequence of the greater number of empty low-energy states due to emission from those states. In the case of emission electrons, their average transverse energies (͗ ͘), which must be greater than zero, tend to increase with increasing field due to the reduction in axial energies described above. This increase is a consequence of the distribution of directional energies governed by Fermi-Dirac statistics ͑i.e., as axial energy decreases, higher radial energy states become available͒. The inset of Fig. 4 shows the net electron energy exchange due to the foregoing mechanisms. The net exchange is positive at low field due primarily to the emission of high-energy electrons through the top of the potential barrier. As the field increases, 
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Transactions of the ASME more low-energy electrons emit, and at a field of approximately 3 V/m, the net exchange of energy becomes negative and causes cathode heating. Predictions from the theory outlined above suggest that substantial rates of direct electrical-thermal energy conversion and transfer are possible with field emission. The energy flux qЉ from the cathode depends primarily on four parameters: ͑1͒ emitter work function , ͑2͒ characteristic emitter radius R, ͑3͒ applied field F, and ͑4͒ temperature T. As shown in Fig. 4 , net exchange energies greater than 0.1 eV are possible. The net energy flux is the product of this exchange energy and the electric current density ͓see Eq. ͑16͔͒, and consequently, even a large net energy exchange may produce little thermodynamic effect if the current density is low. Figure 5 shows the results of this balance for three emitter radii ͑Rϭ10 nm, 25 nm, 100 nm͒ and work functions ͑ϭ1 eV, 1.7 eV, 3 eV͒. For each condition, the energy flux at low fields is negligible due to the low electrical current density. As the field increases, the electrical current increases, and substantial energy flux away from the emitter is made possible by the net energy exchange between emitted and replacement electrons. As the field increases further, the energy exchange decreases and ultimately becomes negative, which causes heating. As the emitter radius increases, the peak energy flux decreases due to the downward shift in energy distribution that is inherent to larger radii ͑see Fig.  2͒ . At the same time, the field range for positive energy flux grows with increasing radius due to the reduction in field enhancement. The figure also shows a strong influence of the work function. For the lowest work function, ϭ1 eV, very high rates of local energy flux of order qЉϳ10 6 W/cm 2 are predicted for all emitter radii. The corresponding local current densities for the maximum energy fluxes are of order Jϳ10 7 A/cm 2 for all radii. As the work function increases to ϭ1.7 eV, the peak energy fluxes decrease significantly ͑qЉϳ10 to 100 W/cm 2 ͒, and local current densities at the peak energy fluxes are of order Jϳ10 4 A/cm 2 . For the largest work function, ϭ3 eV, maximization of energy flux is not evident, and the energy flux is negligible or negative over the entire range of applied fields. These results indicate that low-workfunction materials are necessary to enable significant energy conversion. The probability of developing materials with effective work functions as low as ϭ1 eV are quite remote, and therefore the associated heat fluxes in Fig. 1͑a͒ may be practically infeasible. For the case of semiconductor emitters, appropriate n-type dopants could potentially produce effective work functions near ϭ1.7 eV, and we note that, in the particular case of diamond, the goal of finding suitable shallow donors has been elusive. However, several recent studies indicate some optimism in this area ͓46-49͔.
Discussion
Field emission from semiconductor materials can involve both internal emission from a metallic conductor into the semiconductor and external emission from the semiconductor into vacuum. For example, much recent work ͓32-34,50,51͔ on diamond emitters suggests that the interface between a base electrode ͑either metallic or semiconductor͒ and diamond ͑a wide-bandgap semiconductor͒ governs the field emission process. Therefore, the analysis of semiconductor emitters can be substantially more complicated than that of metals ͑such as shown in Fig. 2͒ . However, wide-bandgap semiconductors, such as diamond, can provide substantial energy filtering effects as well as favorable structural properties, and consequently, are well suited to direct energy conversion applications.
Tunneling into the conduction band of a diamond cathode is shown schematically in the one-dimensional band diagrams of Fig. 6 . Figure 6͑a͒ shows the unbiased state, with slight band bending due to space charge effects ͓52͔. The band gap, E g ϭE C ϪE V , of diamond is 5.5 eV, and the difference between the base electrode's Fermi energy and the cathode's valence band energy for an undoped sample is E FB ϪE V ϭ1.4 eV, which is the energy associated with grain boundaries. Cathode doping can alter this energy difference. The effective work function eff represents the axial electron energy required for an electron in the base electrode to emit into vacuum. The parameter ϭE vac ϪE C is the electron affinity and represents the energy required to eject an electron from the conduction band into vacuum. Numerous recent studies indicate that is negative ͑although it is shown positive in Fig. 6͒ when the diamond surface is terminated by hydrogen ͓53-56͔. This negative electron affinity can significantly enhance emission.
A gate electrode can be used to extract high-energy electrons from the cathode. Figure 1 shows nanotip emitters surrounded by gate structure. Under a voltage bias ͑positive on the gate electrode͒, the electric field causes the bands in the cathode and vacuum to shift, as shown in Fig. 6͑b͒ . Near the base-electrode/ cathode interface, significant band bending narrows the potential barrier width. This narrow barrier increases the probability of quantum tunneling, and field emission occurs. A second tunneling process may also occur at the cathode/vacuum barrier for Ͼ0.
The presence of internal field emission significantly complicates the task of modeling. Solid-state scattering events can alter the distribution of electrons that ultimately emit into vacuum. For polycrystalline diamond films near room temperature, Lerner et al. ͓31͔ showed that electrons can travel quasiballistically for films less than several microns in thickness. Thus, for thin films, the band structure of Fig. 6 can provide the basis for a reasonable emission model. However, neither Fowler-Nordheim theory nor the foregoing model possesses the fidelity to represent such complex profiles in detail. We note, however, that unlike basic FowlerNordheim theory, the present model does allow for the inclusion of size effects in thermodynamic calculations. A more rigorous approach generally requires numerical solutions to Schrödinger's equation ͓57͔, and the inclusion of multi-dimensional effects ͓58͔. The numerical solution of Schrödinger's equation possesses the advantage of eliminating the WKB approximation in the evalua- Fig. 6 Band diagrams for field emission from diamond: "a… Unbiased at thermal equilibrium; and "b… Field emission via tunneling from the base electrode to the cathode's conduction band and from the conduction band to vacuum tion of transmission coefficients. Further, a general numerical solver would enable analysis of more complex systems, such as resonant-tunneling structures ͓6-8͔. Advanced, multidimensional tunneling formulations have been reported ͓59-64͔ with particular application to scanning tunneling microscopy. However, to date, a combined analysis, including complex band structure, multi-dimensionality, numerically computed transmission coefficients, and energy exchange calculations has not been reported and would represent a significant achievement.
We also anticipate that, with recent and continued progress in nanoscale fabrication methods, new nanoscale materials and surfaces will require the replacement of continuum models with subcontinuum quantum models. Such models would replace the supply function N(W)dW of Eq. ͑5͒. Miskovsky and co-workers have shown that discrete atomic-scale effects can strongly influence the local density of electron states from which emitting electrons originate ͓65͔. They have also considered strong localized heating and thermoelectric effects near atomically sharp emitters ͓66͔. Karabutov et al. ͓44͔ have postulated that two-dimensional quantum wells are responsible for the low turn-on fields of polycrystalline diamond emitters. Interestingly, the resulting currentvoltage relations still closely follow Fowler-Nordheim trends. Fursey and Glazanov have compared current-voltage predictions of formulations that include nanoscale tip curvature with those from traditional Fowler-Nordheim theory ͓67͔. A group of studies by He, Cutler, Miskovsky, and co-workers ͓68 -71͔ and Jensen and co-workers ͓39,72͔ highlight the effects of nanoscale tip geometries on field emission and the commensurate shortcomings of using traditional Fowler-Nordheim theory for these small-scale devices. These studies reinforce the need for advanced treatment of nanoscale and atomic effects in the study of field emitters.
Advanced electron spectroscopy will be required to study rigorously the thermodynamics of field emission. Gadzuk and Plummer reviewed the field-emission energy distribution ͑FEED͒ technique ͓73͔. Most such spectrometers employ hemispherical elements ͓74,75͔. Recently, researchers have developed nonhemispherical ͓76͔ and simplified hemispherical ͓77͔ devices that offer enhanced resolution and simplicity. Electron spectroscopy has proven to be useful for studying field emission devices with electronic functions. An understanding of the electron energy distribution is particularly important in the study of anode heating, which is a significant cause of failure in high-current field emission devices ͓78͔. For energy-conversion field-emission devices, experimental quantification of electron energy distributions will be essential.
Another area for further study involves the interpretation of experimental data and its comparison with increasingly complex models. Determination of emission parameters from the FowlerNordheim theory ͓see Eq. ͑7͔͒ has historically been a heuristic process where the value of the parameters is largely dependent on the estimation procedure. The incongruous results are a feature of the models because the unknown parameters of interest are primarily non-physical and are, in general, correlated. The FowlerNordheim formulation of emission involves three parameters, namely the emission area ͑A͒, the work function ͑͒, and a field enhancement factor ͑␤͒. However, by casting emission data into a linear form, only two parameters can be uniquely determined; two of the free parameters are linearly dependent on the third. As a result, experimenters must fix one of the free parameters using independent data and then proceed to estimate the remaining parameters using a linear regression.
One approach commonly used and described by Brodie and Schwoebel ͓13͔ is to differentiate the Fowler-Nordheim equation with respect to the applied voltage. The voltage and current are measured in experiments and the derivative of the I -V characteristics can also be obtained from the data. Thus, at any point, a value for C 0 ͓see Eq. ͑8͔͒ can be calculated, and a regression procedure is commonly employed to estimate its value. Substitution of this value back into the governing equation provides C 1 .
Estimates of these two factors enable estimation of two of the three unknown parameters ͑A, , and ␤͒ with an assumed value for the third. Estimation of these values is dubious with linear Fowler-Nordheim analysis. Also note that the estimation of the derivative of the data (dI/dV) deserves scrutiny because the differentiation of discrete points tends to magnify experimental errors ͓79͔.
A geometrically more rigorous approach to emission modeling and interpretation of experimental data has been developed by Jensen and co-workers ͓37,72,80͔. In their work, the emission area and field enhancement are related analytically to the geometry of the tip emitter. Further, the variability of emission from multiple tips in an array is considered explicitly. It is likely that such an approach, when coupled with emission models that include band-bending effects, will provide greater efficacy in the interpretation of experiment results.
In all existing and proposed models for the interpretation of field emission data, a statistical approach can provide estimates with superior confidence as well as insights into the accuracy of estimated parameters. The sensitivity of the emission current to the free parameters can indicate the identifiability of the parameters in a given emission model. Parameter estimation techniques ͓81,82͔ represent a powerful tool for experimental interpretation and model development. Such tools are particularly suitable for field emission applications due to significant measurement noise ͑e.g., transient fluctuations of emission current͒ and the potential complexity of new theoretical and computational models. For example, the model developed herein, with the inclusion of temperature and characteristic emitter radius, presents an opportunity for more rigorous determination of physics-based emission parameters through advanced estimation methods.
The questions of total energy conversion capacity and efficiency are important to consider for the broad range of potential applications of field emission devices. The energy fluxes shown in Fig. 5 result from emission from nanoscale emitters. Both the local energy flux and the number density per unit area of nanoscale emitters will ultimately determine the total energy conversion capacity. A variety of fabrication technologies-nanodiamond pyramidal tips ͓83͔, focused ion beam molds ͓84͔, and carbon nanotubes ͓85͔-exist that can produce tremendously high number densities of field nanoemitters. We believe that the rapidly evolving field of nanofabrication will ultimately present a wide range of fabrication options.
Ideally, the thermodynamic performance metrics, coefficient of performance for refrigeration and thermal efficiency for power generation, of field emission devices should approach that of the limiting Carnot efficiency, in a manner similar to that of vacuum thermionic devices ͓86͔. In practice, thermal radiation and conduction losses, as well as electrical losses ͑e.g., in terminal leads and from Joule heating of tip emitters͒, would limit practical maximum efficiencies to approximately 50-70 percent of the Carnot efficiencies. This estimate is consistent with those for thermionic converters ͓86͔. Calculations by Cutler et al. ͓10͔ suggest that the coefficient of performance of a refrigeration field emission device can exceed that of traditional thermoelectric devices. The performance can improve further through the use of gate electrodes and with retarding potentials. For power generation applications, traditional thermionic devices using metallic emitters can be highly efficient. However, the use of these materials has been limited to high temperature ͑Ͼ1500 K͒ applications because they prevent the emission of all except the highest energy electrons. In effect, thermionic converters are limited by the emitter material's work function. In contrast, the development of novel emitter materials with low work functions could make the thermionic process amenable to operation at lower temperatures due to the allowed emission of lower-energy electrons. Consequently, we believe that field emission materials and devices hold great promise for enabling the operation of a fundamentally efficient energy
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Summary and Conclusions
Field emission offers an intriguing new technical approach for direct energy conversion. This work has provided an overview of the physics of electron field emission with particular emphasis on thermal and nanoscale geometric effects. The traditional model for field emission, based on Fowler-Nordheim theory, ignores thermal effects and linearizes highly non-linear fields in order to achieve an analytic solution. The new model presented herein includes the effects of temperature and nanoscale emitter geometry. The efficacy of this approach is demonstrated by the strong effects of the characteristic emitter radius on emission ͑see Figs. 3 and 5͒ .
The potential for high energy capacity and high efficiency suggests that field emission devices may find a broad range of applications; however, many technical challenges remain, particularly as new nanoscale materials and fabrication technologies emerge. As characteristic dimensions decrease below 10 nm, the continuum assumption becomes suspect, and atomic-scale modeling will be required. Further, the complex band structure of semiconductor emitters, even at continuum scales, necessitates more advanced approaches to the characterization of quantum tunneling. In order for models to be useful, important material properties, such as work functions and electron affinities, must be characterized experimentally.
Another major challenge lies in the demonstration of practical energy conversion. In order to serve useful engineering purposes, the nanoscale emission phenomenon must be scaled up to macroscopic dimensions. Thus geometric, chemical, and surface uniformity will be important considerations in any functional device. The achievement of such uniformity is a significant challenge, even in a laboratory setting.
Finally, we note that a complete study of practical thermodynamic efficiencies has not yet been reported. The similarity between field emission and thermionic emission suggests that high efficiency operation is possible. The efficiency will depend on a wide range of factors, including radiative material properties, anode work functions, and electrical resistivity of electrodes. This issue is the subject of current study by the authors. h ϭ Planck's constantϭ4.1357ϫ10 Ϫ15 eV•s I ϭ electrical current ͑A͒ J ϭ current density ͑A/cm 2 ͒ K ϭ emitter's dielectric constant k ϭ Boltzmann's constantϭ8.617ϫ10
Ϫ5 eV/K L ϭ cathode-anode separation ͑m͒ m ϭ electron rest massϭ9.1095ϫ10 Ϫ31 kg N(W) ϭ electron supply function ͓s/͑kg m 4 ͔͒, see Eq. ͑5͒ q ϭ electron chargeϭ1.60219ϫ10
Ϫ19 Coulomb R ϭ emitter characteristic radius ͑nm͒ V ϭ applied voltage ͑V͒ W ϭ axial electron energy ͑eV͒ x ϭ axial coordinate ͑m͒
Greek Symbols
␤ ϭ field enhancement factor, see Fig. 2 ϭ electron affinity ͑eV͒, see Fig. 6 ϭ dielectric constant, see Eq. ͑2͒ ϭ work function ͑eV͒, see Fig. 2 ϭ Fermi level ͑eV͒, see Fig. 2 ϭ radial electron momentum ͑kg m/s͒ Subscripts r ϭ replacement electron value ϭ radial direction
